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ABSTRACT 

Since the LOGO Turtle toe* hit fine step he hai been mathemnlcally confined to running 
around on Nat surface*. Fortunate^ the physically Intuitive, procedurally oriented nature 
of th* Turtle whkn makes hitu a powerful explorer tn the plan? u equally if not more 
apparent when he it liberated to tread curved surfam. This paper 11 aimed roughly at the 
High School level. Yet because Lt is hudt an intuition, and physical action rather than 
formalism, it can reach such "graduate school" maihwvaiital ideas at geodesies. Gauss tan 
Curvature, and topological invariants ai expressed in the Gaun-Bnn.net Theorem. 



1. TRIANGLIS 

This piper is an exploration into the dark and dangerous continent of 

mathematics wherein we shall trek from [be almost ritiliied land of geometry, through the 
forbidden grounds of differential geometry and thence to topology where many a wul has 
perished on the great, barren and infinitely extensible rubber sheet*- I think, however, I 
have chosen for you a path which wilt show you some of The great sight! without undue 
physical dinger. In Tact I would be greatly dl»p pointed if you do not rtwm safely arid 
with a great itore of souvenirs tomtit* you tg return on your own and explore for yourself - 

Let m( begin with a humble triangle: any one will do Everyone knows a 
triangle nas 18C" worth of angle* in lu ihite vertices. What a wonderful thing thai any 
triangle, no matter how big or small or how it is shaped, has exactly ISO* How do you 
know that l» true? I don't think it'l obvious. After all :Ke angles are in different places. 
Let me show yog my favorite way to sum !h€ angles in a triangle. 

I hive a turtle who tan be an excellent guide to many places in mathematics. Yet 
he can. only do two things, walk In a straight line or turn through any angle, Luckily he is 
smart enough to tell the measure of any angle wh*n he turns through it. So I can send him 
out to measure the angle* in lou of triangles, one at a time and find out what the mrn of 

them it. 

Alter watching Turtle measuring triangles for a while I noticed he always dew 
the same thing. He starts at vertex 1 gf a triangle and alms toward veriest B. Then he turn* 
toward vertex 2 and therefore measure? the angle in vertex l. 




tig. L JUuiurinj Mifilt 1. 

He march** to vertex 2 and routes again, in the same direction n before^ to mature angle 
2. 




Fig. L Mtitut-iti^ utflt 1 



(To da thli hit he mms lonV back aver hii :aLl while routing.) Then hi mevei to vertex 3 
and doei the same thing he did u vertex L, Finally he juit returns to where he itsirted, ai 
turtlei usually do. 




¥\g, 3. Me»ur,ng angle 3 and goLn| Heme- 



But now look, trie turtle has turned through each vertest in the nrrw direction, vi hi* full 
rotation li Juit the lum of th# vertex angkl. And he's now pointing in the direction from 3 
to 1 whereat h* itartetl out palming from I w 3. En all he h*s turned exactly IBO* r We don't 
even hive to ilk Turtle to remember the separate aragks that he measured. Nonce that the 



final heading of [he turtle <IS&° Uotit initial) does not depend it ill on th* details of the 
triangle. Stretch side 1-3. pull vertex. 2 off into [he distance, The turtle still must end up I80P 
from hit beginning, because having started at I pointing at 3„ he ends. It the same point, 
pointing along the same line, but in the djiectjon exactly opposite tils Initial direction, 

That sounds pretty solid- After all it prove! something w* all know Won't weTfl 
ii true- But let me confute the issu* by ailing a very hard question, What happens If my 
tunic- ii drawing big triangle* on the earth rather than little ones on a table top [i the ISO* 
theorem still true 3 

Weil, you might S4V r that's just a huge case of a. Ilttk triangfc; the same thing 
only i million timrs bigger sides. And since Turtle 1 ! triangle measuring process doesrrt 
depend at all on slie, he should Hill fine. ISC' 5 , Bui careful, watch this' 

Suppose Turds start* on the equator and goes straight north Until he get* to 
(where else?) the North Pole Now he turns *)" and goes straight south until he gets, to the 
equator. Now he turns- 90° *nd runs iJong ;h£ equator tn get back where he started. He 1 s 
made a triangle But look caref ully> the triangle has 3 90 fl angiei In it! That 1 ! 270* . T17 
that out on a globe. 




Fig. i. Thlnjjle wilh 3 9flP TfrlMM, 



So what, you say That's no triangle. Everyone knows a triangle ls made up of straight 
lines, ind anybody can see those lines in the "triangle" an the earth art curved. Well. I «y h 
aLmost anyone tan see that, but turtle Zift\. He's very nearslghred and cant see the curved- 
horlion; he only sees which direction he's going. As far as he's concerned all those "lines" 
are straight. He's just walking along (like a car wj:h wheels welded straight) n« doing 1 any 
turning at all between equator and pole 

So what, you say again. (You are obstinate.) Turtle, then, Just doesn't know 
enough to know he's not drawing a "real" triangle. But hold on. Let's get some- thing* 
Straight before deciding exactly what's wh-At, 



[I. TURTLE LIN E5 

Flrii of all we have a new kind or 'straight line* to Ink at, a "turtle line." Turtle 
can walk an lab of things: the earth, a tabte top... and whenever he walks mithout turning. 
he Willi along a "turtle line." (That's a definition, donV: argue.) 

How ab&ut a ping pong ball. Obviously in average me turtle can't walk on it. 
but t think [here are clearly some turtle lines on it. Imagine Chat the ping pong ball it a 
little globe, i.e. a map of the earth. Vou can draw on the equator, and I {ertainly would 
want hj call that a turtle line. Why? Became a line ha* ihe property that if you make a 
bigger or smaller model of it, it's stilt a line. So if you shrink the earth with iti equator 
turtle line down to the siie of a ping pong ball, I'd still want to call the equator a turtle line. 
If you want a different reason, imagine a miniature turtle on- the ping pong ball; his non- 
turn ing paths I'll still ttll "turtle lines." And I'm sure you'll agree that the "equator" of a 
ping pong ball must be a tiny turtle line. To find a turtle ljne.then, all I need is to make 
sure my turtle is appropriately sued foi what he's walking on. In any n» he must not b* 
so big thai he can't walk, araund comfortably. 

I have a good question. If the equator is a turtle line, is any line of latitude also 
one? Well, you might initially he inclined to say yet. After all It lock* pretty much like the 
equator. Sue is it really? 

To decide that you have to decide IF Turtle can walk along it without turning. 
Imagine Turtle's little legs, churning away. Hour does Turtle know he's walking in a 
straight line without looking {he's nearsighted, remember}? To answer that, start out 
thinking of a simple jttuation-a table top. I'd also suggest you think how Turtle [urns- 
Here's my answer: If his left legs 'ike the same number of steps and the same 
length steps a* his right legs, he'll go in a "straight lint". If he starts takmg Tewcr steps 
With his right legs (ot even takes negative steps) he'll Turn. Do you agree? T hope so. 

So now. is any latitude a turtle line? Well, Turtle straddles .1 {Northern 
Hemisphere) latitude and starts walking JrliS "south" legs travel on a latitudr a hit below 
and "north"' legs a hit above. Marching all the way arouno rh* ea:rlh has he taken the same 
number of steps with north as with south legs? Of COUrSe not! 1 The more no»th The 
latitude the smaller the round trjp sash, Take a took on a globe again. The equator it the 
longest latitude, and ai you get closer and closer to the North Pole the latitudes get smaller 
and smaller and eventually reach zero length at the North Pole! 

£0 the turtle must take a different number of steps with his left and right legs, 
and therefore a latitude is not a turtle line. Do think about that If you're not convinced. 

Here"* a more ckvtr way ^0 prove a latitude es nor a turtle line. It's a symmetry 
argument, and it works like this. There's one thing we know for sure abnut luirle hnes- 
There is nothing in the fine rhat distinguishes right from- left as (he turtle walks aloog. Jf 
he turned, of course he would be turning €ith« right or left; but if he doesn't then there 
Should be no difference In what is light and what is left. Add that to the fact that a 
sphere does not distinguish one place from another, and you mutt conclude thai on a 
sphere the left part of the worid looking fjom a turtle line must 1oo> exactly hfce the right 
part of the world. That is true for :he equator or any longitude, but not for any old line of 



latitude. That divide the world into a polar cap Find a bigger part, so distinguish right 
from left and therefore can't be turtle line*. (If you're rot convinced, by this argument, 
don't worry. Although I think it's irue f I'm not sure it r s convincing) 

Turtle lines win on any surf ace, it doein't have to be a flat one or a iphere. Any 
old bent up surface will do, just ict a turtle on it with legs a-chumlng and watch a turtle 
line! 

But now back to m, sphere the Wt:U. We ha^ri a nice triangle made up of turtle 
lines and 3 W* mglei. What happened to she turtle proof that mangles nave only ISO 6 ? 
Something obviously went wrong, Ai far as Turtle is concerned there are only thre* plages 
he has to turn (ije. three places that hii right Icgi don't match the speed, of hi* left fegsX 
And each of those Is a 9Cf angle. But he s'lll winds up pointing IBfl* from hit start. The 
problem is, if you wind up eoiftting in the opposKe direction on il Sphere, it Isn't necessarily 
w that you made 180* worth of turns. Try thii! {Get your globe out again.) Start Turtle at 
ihe North Pole; notice which way he's pointing. Now walk him straight ahead until he 
gets to the South Pol*. Now don't let him turn at alt but walX him tideways, (a good 
straight turtle walk but sideways} clear back up to the North Pole. Presto, he's racing 
exactly the other way. Turned ISO" without burning" at all. That'i the problem with 
spheres; you can get turned even if you're not turning If yeti look, from the side you can 
easily j«e the sphere turning the turtle without hu knowing 1l 
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Meanwhile back at the 90 a 9Q fl 90* earth triangle, it's easy to understand what's 
wrong With Turtle 1 ! Original triangle proof of [80°. For sure, from beginning to end of the 
trip around measuring angles, rhfl turtle has changed hjs heading by ]6TJ n . Evidently the 
turtle himself turned W& (a vertices: of 90° each). But now that wc realize spheres can turn 
Turtle without him knowing It, we can hypothesise about that extra 90*, While he was 
turning ?W, Turtle must have been turned bact 90° bf the sphere. Turtle turn* 2V but 



the trip around the sphere turns him back M 9 at that. 

So you see, there lit two kLnet* of turning: actual "turtle turning" and "trip 
turning." Turtle only thinks he's Cuming when he's "turtle turning; but he can be turned 
by going on a trip even without turtle ruining," 

Let 1 ! try that idea OUT (i nop* you still have your globe around) We can tale 
Turtle around the triangle without him turning at all by having him- walk sideways 
sometimes. If his trip around the sphere re-ally accounts for that missing 90" (musing 
between The triangle theorem and the real £7D* ), Turtle should come back to where he was 
turned 90 fl tnd turned in the direction opposite 10 the turning he would ordinarily do at the 
triangle vertices. So Start him out on the equator fating East. Walk him sideways Up to 
the North Pole, now walk him straight down (following his nose) hack to the equator. 
When he gets back to the equator he's pointing South and continues pointing South while 
walking aide wayi back to his starting point. There he it, Without turning, bur merely 
going on a trip, he's been "turned" 90* ,' And 9(f oppositely from the turni he would make 
to measure the angles in the triangle. Hooray" The extra 90* in the triangle come from the 
trip and get added to the tBQ° of the 'triangle theorem" 

III. ANCLE EXCESS 

Believe it or not, we've made some real mathematical prog!*!* in understanding 
became we have run across a new concept. The concept is what mathematician! call angle 
excess" or limply "excess." Excel! Is the "(rip turning" thai the Turtle geti turned in 
traveling around a dewed path without doing any "turtle turning" of hli own on the way. 
For triangles the exceu is exactly the angle you have to add to ISO* to find the actual sum 
of angles in that triangle Right away then ire soma, nice thing* to notice about angle 
exceu, 

THINGS TO NOTICE: 

1) You can ask what it is for any polygon, not Just a triangle. (.This u provided 
of coune the turtle knows how to walk a straight line in any direction, not Ju« forward or 
Sideways. It is not hard to train turtles to do this.) 

2) You can ask about angle exeesi on any surface, not Just a inhere- Simply have 
the turtle walk around on the surface. So esLcss Is * richer general contepr It'* an angle 
assigned to any closed path on any surface in a particular way. 

Perhaps the best thing about It it not it? generality but all the nice questions. 
you can aik about It. 

THINGS TO WONDER ABOUT; 

]) Can you ever compute angle excess without just measuring it? A partial answer 
you probably guessed already-yes indeed, an excess angle on a plane is always wrol U yov 
still believe the turtle triangle theorem on a plane then you know The excess angle for all 
triangle* is lero Ln a plane, Even if you can't prove It t bet you'd believe that all polygons 
in a plane have «ro excess. This leadj me to ask if the plane Ls the only surface with terti 
exceu for all polygons? {Think about that.) 

2} Ii thl* angle always greater than iero for any surface, i.e. It It always a turn 



opposite the triangle measuring direction? 

3) In general talis t does knowing escew [ell ynu about a *UFfi«? Everything? 

+) What dt>« angle excess really mean? 

Bur let's not get too far ahead or ourselves. I think, that we'd better make sure 
the exceii angle concept I* mlted down. That muni asking some simple questions about il- 
ls it wethJefined, i.e. hive we realty ipecLfied exactly one number 10 he associated with any 
polygon? In particular 

Question I) Does excess angle depend on the initial direction of the turtle fa-cm? 

Question 2} Does the it depend on where you start in the polygon? 
If you think you have the concept nailed down, skip this section Tor now, but I'd suggest 
you come back to It. 

Answer I) No. Imagine the turtle walking around a path without turning and comparing 
his final heading with his Initial to find the ejfcetL Now suppose we take another turtle 
and start him out painting SO* away from the first turtle and walk him sideways, along the 
first leg of hii trek around the path. Compare the new turtle's heading with the old orie h a 
*t each point as he goes along. I don^t know about you, but I'd say the turtle was broken or 
didn't know how to walk sideways properly if he gradually changed relative heading- to the 
first turtle. 90* to & a to 85 fl to... Somehow the turtle ii turning his body to face in a new 
direction while walking. (Try this Idea qui by thinking about turtles marching on a table 
top.) So If the second turtle walks leeways properly, he will maintain hii relative 
portioning co the first turtle and will wind up after going all the way around still 90 s 
different from turtle I. The difference between initial and final heading must then be the 
lime for the two turtles. 

Actually I can be clever and make the argument jibuve into a real proof. I will 
define a HJrtle marching sideways (or at any other angle) on a turtle line to be marching 
"properly" only if hi* relative heading to a straight marching turtle doesn't change. Then 
Answer 1} it trivial provided we do all measuring with properly mashing turtles. Isn't that 
clever? This is an example of a great mathematical trick used ail the time, [f you've got a 
good theorem and can't prove it then define rhings io that it's true. 

Answer 2) No. Look at the following record of how a turtle faced as he measured the 
excess in a triangle suiting at A, The excess is marked f. 




Fitf. 6l Meaiurinf Emttt 



SuppcM some other turtle measure* the angle exceu. Starting at B- BttlUU- at Aniwer I) we 
might u wdl take the new rurtta to start facing ihe samf way at the aid turtle, and to he 
will lie* the ame way All the way round to A, There the record of Che old turtle chinjei 
by I . Amvrer I) M? i that the ingle between aid and new turtle will be maintained ai n 
move* from A to B. 
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Fif . 1. New Tvrtl* Mii? compirtd n> Oldi Turtle (dolled}. 



But then $ wi]3 be iht ingle betw«n the twfinning and the end of new turtle"* trip, tht 
sim* u old turtle* exceu anj k. 



The result of Answer I) and Answer 2) is that It doesn't matter where you start of 
it what heading you itart, the excels will be the same. {Note that this had belter be true, 
other w Lie th« understanding of exceu is being rhe difference between triangle vertex mtn 
and ISO" would likely be in error Capisee? (Thii it more or leu obwLwJ depending on 
how you think about it. In any ease you ihculd think about It until it's more or leu 
obvious)) 

IV EXCESS ADDS! 

Back to more invesngatjon and les* formal! laden. Let's concen trite on the sphere 
for awhile. 1 started on the sphere wuh a triangle of fairly large excess, 9f. C*n you 
imagine a triangle with a bigger cxastf (Look for one if you have turn) 

How »hcut this one. A triangle with 3 ISO vertices The equator! Just itart 
anywhere, all it point 1. Travel ](i of the way around then *tic* in i 180* vertex there and 
continue around on the equaior another l{$ circumference to point 3. Stick in another I8GT 
vertex and run the iest or the way round home to L An ex«** of 360* ? Thai 1 ! one of mj 
favorite triangles. 

How about a triangle with a smaller escew. I gu»s that'* no problem- Just take 
a very smalt triangle, like one in your front yard, compared to the eanh-siied sphere <th* 
earth!}. Pd bet wth a triangle has angks totalling very nearly LB0° jo an excess of nearly 0. 

It looks lake small triangles have small excesses and large- cine* have large excesses. 
If you haven't already noticed, the 3 X I80 fl triangle has 4 times the excess of the 3 X 90° 
triangle, and can be made up by pasting together exactly 4 of the 3 X 90° triangle*. (Look 
closely.) From thai it look* like excesses add. Take a look at a triangle made by combining 
2,SXfflf triangles. It hai a exeets oF 18Q 6 ! Loot at any trLangk made up of 2 W angles 
at the equator and n degrees at the pole, It has e«ce*i of n° and can he made up of n 
triangle* oF one degree exee**- 




f\g. &. EicNa of ihe l-ii-j* IrtBAflt is turn of tti« hpsms of the tmj]! ont*. 



Thji it beginning to look like a theorem- 

Theorem. If a triangle Ji iUDGivicJed into tubtriarigles then the excess in the 

triangle it the ium of the eKceiiei in the lUbdlYliionf. 

I'll give you a proof » you don't have tn fiddle around a lot Nocke thtr the theorem 
doein't mention anything about spheres in particular, neither will the proof: it's true on 
any surface 

111 just do the die Of subdivisions into two. It's tricky (really!) extending this to 
any jubdivision, but 1 think Juit ;hll much thauld give you an idea of whlfl going on. 

Proof: Measure «tct» In ABC. I've ihown a record of tunic pointing. 
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He starts out with heading x and endi up with y. Now do ACD. To make things simple 
you might at will ttart from A with the ami heading, y. which ended measuring ABC. 
Then the second measuring turtle should a^ree with the first ill the way ta C. (Do you 
agree?) Turtle 2 then continues to D and endi up at A with heading i, Finally measure the 
excess in BCD by ittrtlng at A in position n t running all Eurtl* V* path to C. Then follow 
turtle 2 (who starts, from C with the same heading tunle I left off w(eh) around clear bach, 
ro A. He winds up with heading i. Loo*, the excew of the big triangle is the angle K to J 
which it Just the Him of the CKcetut (x to y and y to i) of the two irruller triangles. 
That't really i pretty nice theorem. It'i the beginning of * really great one. 

Theorems The exceti of any polygon H the turn of the e&c**ie* in *ny 



polygonal subdivision. 

Can you see hew to prove that? h 1 i rut that important, but Jt H s niw to notlw that all you 
hive to do l* start wpth on? polygon and add on connected ones, one at a time. To prove 
each itcp Lo that process you an um the prqqf given for adding two triangles together 
became that proof did not depend on the pieces being triangles! AH it needs l» a picture 
Ilk* below. Polygon vertices are Irrelevant. 




i 

in nwhu matkal lingo, the proof only depend* on the topology I.e. how the thin£ a hooked, 
together, who's connected to whom. Not on where vertical ar * or how lour any side is or 
how much area anybody hai. 

V. CURVATURE DENSITY - EXCESS PER UNIT AREA 

Whether or not you joeriE time proving that theorem, it's certainly suggested by our 
observations about nceis being additive in some special c««, And furthermore the 
theorem is really suggestive qf other things Compare it to the obvious; 

Theorem: The area of a ny poison Ji the mm of the areaj of any potyeonal 

jubdivliion, '* 



L 



Well. ejtceii,acts like area in that reject Could It he thai excess Is proportional to area, 
that it E-kA where E-exceu A-a™ and k-some constant? That would account for the 

activity of ex.ei* flut at D b,. M tha: k couldn't he a u n , W ai coolant like ,. After 
all. h must be iero for a plane, bu; it can't be itro for a sphere Not only that but it eatrt 
**en be the same constant for all ipheres, Conner alio a * ■ ft/ triangle on the earth and 



ore on 1 ping pong ba.1l. They have ".he same excess but certainly don't have [he ume 
area. So how about the hypothesis that k depend i en the jurfaee, and every surface may 
hive i different k? Let 1 ! try that due. 
Obviouily any plane has *-D. 

Theorem; On a sphere of radius r. E-kA and k-Vr* {if E It menu red in 

radians). 

Proof: Thlt (^ not a rigorous proof Jutt at the other proof* E're given are not r|gDrc«L 
But the main idea n there. First I want io show E-kA. Then It will be simple to find out 
what k\ It 

The idea Is to menu re excess a$ you measure area. Subdivide a genera \ area Into 
a bunch of tiny uniform are** and add them ah up, For example how might you measure 
the urea of an arbitrary polygon. Divide it into little tiny squares and count squares. (Of 
course there an be a Utile area left over but not much. I can always use smaller squares to 
get a better estimate Lf 1 want. And you calculus buffi out there knew how to talk about 
the limit of tmalE squares.) 




Fil- Lin Divkltr^ * P*lytf*h mu «n*';l iquirt* — fMuuring ire* 



So d)0 the same for eKrtss. Divide your polygon up into little Uny uniform "squares" (again 
there may be some area Left over, even cracks between "squarn* h but again Lf your "squares - 
are small entiugh"riot much wilt be left over). Now these "squares" ara all absolutely 
Identical » not only must they have the is me area, they must have the same extest If the 
area of a small "square* Jt a, iti excess Is e and there are N squares, then A-Na and E-Ne 
and thus E^eJa)A. If you take another polygon, you can measure its A and £ using the 
ianve tmaii squares and If this new polygon has M squares A- Ma and E-Me, still we have 
E-WajA, The same e and a to same k-eta 



So k-e/a -EM. We still need to find what number k it Tor a sphere. Well take 
an example, For the S a ISU* triangle A-J/2 sphere area -2*1*. E-2j (Sou*), k-E/A 
-2ir^irr* * [ft 2 . 

There are a few chtn.fi la be said here. The above proof that E-kA applies to 
any surface which Ji (he hum everywhere. It applies to a plane {fc-Q) to a sphere (t-l/r*) 
and to ahythJng else which is the same everywhere. By "the *a™ everywhere" t mean that 
you car use the lame small square a* your link measuring stick everywhere. Certainly you 
can move any little square on a sphere to any other pUce on the sphere, The same in a 
plane. But suppose that you have a sphere and drop it sa that one side geti flattened. 
Then you /lit can't move a little square from the round part of your imaihed sphere to the 
flat part to meaiure tame A and E. It wont Fit. After all Flat Li Hat and round li rounded, 
You mutt uj* a different "Uny square" reference for maturing £ and A on the sphere part 
and on the flat part of your imaihed iphere. So e/a-k is deferent on the two parti. 

I iaid that k-0 for a plane which Li rint curved at all. A, very large sphere like 
the earth doesn't look very curved and indeed a tittle chunk of sphere like your back yard 
iar part of a very calm lake if your back yard is too rocky far your taite) cuuld easily be 
mistaken for a flat plane, k it very small Ln this situation since k^lfr 3 and r is big. Now a 
ping por.g ball it very curved campared tn a largre sphere hence k-l/r ! Li -very large. 

Let me make a very Lntereiting analogy. k«e/a it a "demity" It's like how much 
paint you have per link chunk of iurf*ce area, In fact 1'fl call k the "curvature density." 
and I want to think of it as analagoui to "paint density." Spherei and pUnri have uniform 
coats of "palnt'-that is the curvature density it the same at all places. But just Fifce a room 
which has perhaps ] coat of paint on the wall (1/8 cup per iq. foot) and a double coat on 
the woodwork {I cup per square Foot) and no paint at all on the window^ the curvature 
density may vary from place to place on a surface. The flattened sphere haj no curvature 
deniLty on the flat tide and 1/r 2 on the side that hain't been imaihed, A football jj not too 
curved in the middle, k li not too big there But at the pointed end* a football u curved aa 
much ti a sphere of small radmt. It hai a thick coat of palnt-r mean a brge curvature 
density there. Between the middle and the pointed endi the "paint" probably nets Eraduallv 
thicker and thicker. '* 6 ' 

If you want to know how much total paint, P h on some surface with conitant paint 
per unit area. p. the answer it simple, P-pA, where A it the total area In the same way the 
total curvature, K, Of a surface Of constant curvature deniity it just K-kA_ Now If the 
paint drnsity vanes from place to place and you want to krto* how much total paint there 
is, how do you do it? My answer it di^jde your surface anto little tiny pieces You find out 
how much paint it on each little piece by multiplying paint deniity times area, and then add 
to Find the total painL {If you have only have two thkkneuet of paint then you only have 
to divide your surface into two pieces, take density timet area for each one. But if you 
have lots of different thicknesses then you're probably best ofr dividing into lots of small 
areas .) m any case I imagine you believe that jf you Jtnow the paint or curvature deniity 
everywhere you can figure out how much total painf or total curvature Is on the surface 



ESCAPADE: I '*ant to look a; curvature on mother surface, a cylinder 

Q What is k on i cylinder? 

Aj k-0 like a plane! Obvtouity a cylinder 1t "(he same everywhere" » k It Jutf ■ 
single number, l H m sure you'd agree that lines running the length of the cylinder and 
circles ptrpendicu.br to those lln« are turtle lines. 
St> look It (he squire below. 





fig. 11 "Squirt" ttfi i cyLM«r. 



Turtle goes forward 1 to 2 tideways 2 to 3 backward! 3 to 1 and tideway* 4 to 1, and he 

wtndi up not turned at all. E*0 to Lf E-kA then kJb. 

Nonw why ii that? The reason it"s true U profound. It'* that a cylinder is just a 
pbrve rolled up. And rolling something up doesn't change any paih lengths on the turf ace 
(Demonstration; draw i path on a piece nf paper, now change that path length. Well, you 
can't, not without ripping, the piper. So rolling doesn't change any lengths. For those who 
are not easily convinced, I suggest the following. Clue a rubber band to a piece of p»per- 
Now try to stretch the rubber band without ripping the paper. Rolling just won't do it 
(OK opt for a tiny bit which happens because the rubber band it not on the lurFace but a 
Uttte above.) 

If path lengths don't change cm rolling, then a straight (turtle) line drawn on a 
paper which is then rolled up, rem aim a turtle line. How can I be so convinced that 
straight line* don 1 ! become non -turtle lines? Because having thought about how Tunic 
runs along turtle iinei I kngw 'hat all it depends on It that a bunch of distance! are equal 
Turtli knows h* is walking in a itfaight line when hit left leg! and hit right legs art 
moving the same distance In each step. 




■v jrtle Ajf 
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Fif. 11 A lurtli Iih wtlK trjcki 



Look it ihe above straight Hn# and turtle tracks around It Now imagine the paper rolled 
Up. Turtle Could walk In the exact same traclti because no distances have changed. A 
turtle line remains a turtle line when rolled up. 

There's more. Anglei don't change when you roll something up or unroll it 
either- So any potygon of turtle linu on i cylinder it [he just the same a* » polygon In & 
plane. It hat «ro esaw. 

If angles and distances don*t change when you roll a paper Into a cylinder, what 
doe*? Topology! Her* It h again. The only thing that Change* it who it connected tn 
whom. 

There's a rather Important leuon here. When we began with planet and spheres, 
it was pretty clear that t^> meant what people usually mean by saying 'Oaf and k not 
equal to itro meant curved. But now here's a turfite, the cylinder, which most people 
would jay it curved. Vou have to decide now wnether you want to go on Hying a cylinder 
ii curved as. you always dld i or change your definition to "flat" mean* k JL and then say 
that a cylinder it flat. That last may sound very strange, but mathematiciani (and I) think 
it's a good thing to do. Why? Because we are Interested in geometry like how many 
degrees in a triangle and squares having right angles etc We are not Interested so much In 
"how thing* Took-" A plane ha* so much more In common with a cylinder from a geometric 
point of view than a cylinder has with a sphere, that it makes much more sense tn say both 
a plane and a cylinder are flat (rather than saying spheres and cylinders are curved). In 
fact if a turtle were nev<r allowed to go clear around the cylinder and discern Lti different 
topology, he'd never be able *o tell the difference between that cylinder and a plane at alii 
So if you're calking to your friends whn haven": read this paper you'd be better olT laying 
a cylinder is curved, but if you're talking to a mathematician, he'd be happier to hear you 
say a cylinder Is flat. It you're doing geometry it's hard to go wn,ng with flat cylinder*, 



VI. REVIEW 

Let's imp and catch Wf breath. Take a l»k at whit we've dare. We Started 
with jour usual garden variety Kraight line and things jfou can build out oF them, tike 
irtanf let. You can aik yourself what rally ii a itrnj ht line and there are Icki of ways to 
answer that. One uieful way it with a turtle walk. If a turtle walks an equal number erf 
steps with right and left legs and equal distance in a step, then that's, a straight line. But 
that way of characterizing a line wort* just as well on a sphere or a football or a cylinder 
at It does, on a prane. Th* question arlSW, what happens to things like triangle* with these 
"turtle linn" for side*. The main thing is that certain angles or sums of angles change. We 
found that you can think of this change as, being described by a new angle, the angle 
rotation which the surface performs on a turtle (at opposed to that which a turtle doei 
himself) in travelling around a polygon. That rotation is catted the exeat- Then there was 
our prime theorem about excess. It ii additive: the excess of a pel /go n which li 
undivided is just the sum of the excess* of th* subdivision*. That makes, exceii Sock very 
much like area K and in fact for surfaces which are everywhere the urn*, ex«il H Just 
proportional to area. In Other surfaces the amount of ncceu per unit area vane* rrom 
place to place being greatest where the thing Is curved most and less where it is curved very 
little. That all lead! us to define curvature den sit jr. k. as the excess per utiit area in » 
particular place on a surface. (It's k»1/r 7 on the rounded part of the dropped sphere and 
k^J on the flat pan. Dont ask what it Is oh the edge between rounded and flat jjst yet.) 

You may ask. me why I called k-efa the curvature density rather than e-fcceit 
density, after all pou compute k-eja by measuring how much excess occurs per unit area. 
Or why did I call K-kA the total curvature rather than the total e*oeiA? Well, one reason 
is that while k is measured using angle exceu. Jt is realty important for its "meaning* a* 
how curved something li. It's always good to remind yourself of what something mraill in 
lti name. There Is another reason which is rally quite subtle though. 1 know how to 
compute the iota I curvature on an/ kind of surface by adding up curvature density tlmei 
area of little pieces. For example how about the following surface. 




fit. H. An arbilfHry iurf*ce wjlIi holes. 



Suppose, to be simple minded, that e.'a-canjtan: No problem you say (I hop*) if you ran 
measure art*. Bur Lt [ tr^ to think of e/a at density of excess, then I may be tempted to 
think of the total curvature as a total excess. But where is that excess? An excess always 
belong* to a, closed path. And l"Tl give you a hint, the total curvature or the above shaped 
turfacc wilt not be the escess angle of any of us three edgu! 

Here's a different Hampk of the jam* thing. What's the total curvature of n 
sphere? Well k-l'r 5 and A--liri J so K-4*-. That sounds like an excess angle, but where is 
the pith for that excess??? That's *hy ] use the names "curvature density" for efa and 
""total curvature" for K-kA rather than anything Jti waiving excess, which may make you 
start looking For a path. 

Let m* go back to the holes bu sines* and took a bit more carefully. Suppose you 
draw a polygon on an arbitrary surface, and you want 10 measure the total curvature inside 
it. $0 you divide It up in in lots of tiny polygon and add up k times a for all the small 
pieces. You're just adding up the t from each mall polygon. But doesn't the additivity 
theorem say that that sum is jutf E of the big polygon! Look at an example. Suppose thai 
the surface we are tailing about Is a sphere with the polar cap cut out (my from latitude 60 
on Up). Take the equator a* a polygon, a polygon with one side? You know it has an angle 
excess of 3sr (360 G ). But the total curvature contained in the upper part of the sphere is 
(k-F/a-lfr 2 } times {an area less than 2rr\ Thus the total curvature inside cannot be the 
exceu of the equator. Something is rotten in the state of the additMty theorem* 

Let me tell you what's gone wrong so you don't hair* to figure Jr out, The 
adciLtivjty theorem needs something that I di^n': mention explicitly. It needs the polygon ro 
have an miLde which topotogklHy looks jus: like The Inside or a polygon in a plane. That 
mean* no holes, hd tears or other such gobbed y-gotm. (Those holes and tears won't allow 
the proof by adding pieces one at a time to work. That's became w e can only add rog ether 
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piecei which have exactly the mpglogy of Figure 1 0, With a bole y«j a | w , yi ^^ t0 a 
station where adding on a pie« does not hive the Figure 10 igpolggy. Try wcrkjne ouc 
an eaplteic example!) ^ ' 6 

_ h By :he way, holes ar«* the only things that on nrii up the additivity theorem 
The square wjth handle" shown in Figure 29 ha* no holes, only one edge (the square), yet 
the excess of ihe square ivill not be equal CO the total curvature inside it. Well learn more 
about that kLnd gf thing later. 

Just to remind y 0U thai we're icLll doing mathematics. Hi restate' the above 
diKtiiiLon In a theorem and give * proof. The reason I'm doing this ex Era work is because 
this is realty a key theorem and an example cf 1 class of theorems which are very 
important in math and physics it's a theorem which relate! something that depends on the 
interior of a region to something which tan be computed on ihe boundary of chat r»k*i. 
You'll see how such theorems can be important soon. 

Theorem: Given a polygon on an arbitrary surface which ha* an Interior 
topological^ like the interior of a polygon in a plane, the angle excels of the 

polygon :j equal to the total curvature of its interior. 

Proof: Let h i compute the total curvature <n the interior. To do that divide the polygon into 
tots of very tiny ones. Then multiply the curvature density Ln each small polygon by let 
area and add up the results. But the curvature density. It, of each tiny polygon li Just tfa. 
and so k times the area is e. We are really Just adding up the excesses of the small 
polygon*, The addltivjiy; theorem now says that th* chm.g we're computing, total curvature, 
i* JUIt the excess of [he large polygon. Q£D. 

This theorem cells you exactly when E - K, 

Problem: Whacs che total curvature nf a sphere? Previous Answer. A sphere is the same 
everywhere so K-fcA. k-l/r*, h-itr z sd K-iir. Another Answer: to find total curvature 
we can add up the curvature from any convenient pieces. A sphere is pti Northern 
Hemisphere plus itf Southern Hemisphere. Each of these is a polygon (the equator) 
bounding a nice interior. So the Curvature of each hemisphere il just the angle excess nf 
its boundary, the equator. We know r.h« equaior has excess 2ie That mai.es the <u nature 
for each hemisphere 2ir h and a total gf 4t for the sphere. 

V||, DENTS AND BENDS 

Suppose I put a little dent in a sphere, what happens to the total curvature? Yoo 
might guess lots of things. Perhaps it depends on the dent, If it's a flattening maybe that 
reduces it; If it's a pointy kind of OUtwaid dent maybe thai increase; it, Bui the answer n 
ngihjng haopem co che total cur vat u rein: Watch carefully how i prove this. 

Suppgse you make a dent m the sphere. Let me drai» a polygon around the 
dent but fur enough from tt so That the vicinity of the polygon is unaffected by che dent. 



polygon 




Fig, lit W»tin(f a dint in a ipher*. 



The total curvature of the iphere I J Just that made the poison pint thai outside The 
total curvature outside the polygon canxioi be affected by thr dent so all we hive to worry 

about it the total curvature muds. But that's just equal to the excess of the polygon- And 
the turtJe's walk around the polygon is entirely unaffected by the dent since I drew the 
polygon deliberately far enough away from the dent to that there's no bending there. (The 
turtle before and after denting treks the «me territory J The excew must be the »me 
before and after denting, and the total curvature doei not change at all? 

I an dent, bend, imarti, buckle, push, pull a sphEre one trvill piece at a time Into 
any ihape I choow and the total curvature remains the »me. The total curvature is ■ 
topological Invariant, that is, it doesn't change nn matter what you dr, to the sphere as, long 
11 you don't rip It ar in some other way Changs its topology. I think that ii really; 
marvelous So a football ha* total curvature J #- A Mickey Mouie balloon, ears and all has 
total curvature 4r- That sphere 1 dropped earlier and imashed one side flat still has. total 
curviture +t. {Whoa. Suppose I smash the Southern hemljphere flat, you »y That part 
has total curvature iera. The Northern hemiiphere has only Z*. Where'd the tuber 
curvature go? It's there! Find it!} 

Suppose you take a sphere and pull it to make a cylinder capped on each side 
with a hemisphere. 
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Fif. Id Cylindsr belwwi 1*4 h«miiph*r(t 

That thing has total curvature 4jr. But each dp has £»-, so that doesn't leave you anything 

for the cylinder. Cylinders have total curvature im! And since a cylinder |* the same 
everywhere, the curvature density muir be i*re everywhere, {No* we've shewn chit two 
ways, it must be imt) 

AH thb bending and K«cc"hlng and moving curvature around make* me auk, 
what kind of bending and stretching you can do to something, evw if U'i not a whole 
sphere, and keep the same total curvature. Pretty clearly I'll fceep the same curvature ai 
long as I can put an unbent turtle road* around the dent and isolate the test of the surface 
rroin the dent. (Well that may not be so obvious as you think, bur. it'j a good working 
hypothesis} In anjr ate It ii definitely true thai If the surface I'm talking about fci a turtle 
polygon with a nice interior (no rips or funny business) then the addltlvity theorem tells me 
i can compute the total curvature by running a turtle along the edge. So if 1 leave a little 
ribbon undented along the edge of che. polygon as a "turtle road,' l can be sure I haven't 
changed the total curvature of a nice polygon. 

Can you extend this discussion about maintaining total curvature to surfaces 
which are not ruce polygon! but night have holes or np* in them? How about a polygon 
with an Interior which has a "'handle?" Can you gjve an example where you keep the edge 
polygon of a nil-rue unbent but don't maintain an entire little ribbon "turtle road" and 
consequently change the total curvature? 

Here's another way to keep the same total curvature. Jutr mate a bigger or 
smaller model or your surface, ff your surface is a polygon with a nee interior then total 
curvature is just an angle (the angle excess).. Angtes don H t change when you change juit the 
scale of lornething. Can you prove ir. general that the total curvature of any surface 
doejn't change an nuking a bigger model of it? Hint; Think about bow you measure total 
curvature. 



vnr, SURGERY 

How much total curvature in the surface of a donm-mathematicians call it a 
torus. The first thing to notice ii that any donut hat the unw total curvature ai any other. 
Why? The same reason sphcr», football* and Mickey Mouse balloon* have the nmc 
curvature I can isolatt a small dent 'With a turtle path and shotf thr totai curvature doesn't 
change Then 1 can make any number and kind of small dent* to bend a donut into the 
*hape oF another donut and the OJf vaturt Stays the same at each Step. 

] might try to do for a donut the nine a I I did for a Sphere. Unfortunately 
donuct are not the lame everywhere iTiiide the note a little chunk of surface loolis like 1 
saddle hut outside h the surface looks a lot more like just a cap on a iphere So f cant use 
K-hA. 

What I'll do is start with something I know, a sphere, and do some surgery on it 
to make a torus. If I can. figure out what happens to the curvature during surgery, I win. 

So tike a sphere, Squish the North and South Poles inward, together. Still has 
curvature 4r. 





fifr 17, Squwliinf » rpkim 



Be sure to make the middle where the poles nearly touch flat so that [here *i no curvature 
density there. Now cut a smalt hole out erf the North and South Pole* 




Fif , lfl. Aemavinf t im-ill, fill (with urt canalim} 4h*c- 



That don not remov* any of the turvitur* Now juit insert a link valve ihipe like below, 
to nuke i donuL {Top ed(« of vilve fit* in North Pute hoi*, and bottom f iti in South) 




To f i-t Woirik Pole M< 



Fif. 19. A *iL*«. 



IF you JLke, pull the center hole OUE unill It lookl 1-llte 4 ral donut. 



■■ > 








Fif. W. Streichin; the **l™ *<»«, 



The snip pEacc where curvature wai added wn when we glued on [be little v»l*t 
All we hive to do it figure out how rtuch curvature Is Jo the valve and add that tq the *» 
rrom the tpherc. if \ can construct the valve out of surfem of known curvature, that 
■would do ir_ Try thlv Start with a sphere (total curvature equals br). Put a belt around 
the equator and squeeze, then ittiLghten thing* out so that tht North Pole bulge and the 
South Pole bulge are iptem. Twil curvature *jr on top fatfge, 4* on the bottom bul™ 
and look who'i Ln between. 
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fi|. 21. Birfceil ■ SpW ♦ Vita + Sphen 
Take ■ -+*. 



The ¥>Ne! He mutf have curvature njnui *rr an that thij "b»r"b*n" Atlll has total curvature 
4r Thu* the donut which we conducted frcm a iphere and a valve has total curvature 
4# minuj 4w equal* lero, That doti no? mean a dcnur has curvature zero everywhere, but 
JUtt Lhal hi hat U much nrga:Lv-e curvature as pdlltiYe Curvature 

Nq« as an exercise how much curvature is in i two Holed, donut? 




Fif. £1, Atn lurid tlonsU 



IX. CONIS - ANOTHER LOOK AT CURVATURE 

fd tike to go buck and look ar corvw for a hi:. Now a cane n mostly ju.it rolled 
up flat paper- Cut a little chunk out n( the side ai the cone and pou can eauly lay it flaL 
Thlt meant that the cone U just about everywhere a z.ero curvature demit jr object- But 
theft it in exception, the tip, The tip won't flatten nut without ripping. All the curvature 
In a cone must he concentrated at the tip. 

How an you figure out how much curvature it Jn in the tip? Of cowrie-use a 
turtle and find, cue how much exceii is contained In some path around the tip. So that I 
can easily we a turtle walking around on the cone, let me do a little trick. Cut the cone up 
the side and Eay it out. 





--■> 




rif- M- Uyirig i cone riit. 



This doesn't iff«i any dLitancei, and turtle pathi cin eaiLty be seen now; the? are wulii 
straight line* (fittrtpt whtff they cross the- cur), I an a]» (ell «*% when the turtle dorvTt 
turn; he Jusi keeps the ume heading. So now look at a turtle pith arwind the point |Ve 
down in the direction the turtle points along the **y, (I started him it A pointing parallel 
to the cul) If [ £lue the cone back together it'i easy to set that the ««« far .the mm 
closed path Ji exactly the angle 9 between the turtle at B and the ™l 





Fij. 1*. Turtle path with turtle finding!, 



But # ii «ca«ly the angle of the pie cut out of the ewie when laid flit, {That'i Ju« a little 



elementary geometry for you J itMhe ttceuof [he turtle pith i; jut the "pie i ft g| e - 

Notice thit this result, e K «M of pith around tip rauali "pi* angle" do« not 
depend at aH on ho« big the pnh around the tip ii, So y 0U an **e by pushing the oath 
clMer and dowr to the tip and ahay, ff et C ]ng the same exceu th,t the curvature m U « be 
concentrated jji the tip with zero curvature every where elte- 

What'i nice about cone*, then> n that you can see the ingle ««« ft it in fact 
the angle you need tacut from a flat piece of wfsce to make J t into a core. 
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Suppose Turtle ii fitting on the ape* of a cons. Ana then he ™-j a diitan^ 
away ana drawi i Glrcle" (actually i many-uded polygon} around the apex Being 
rieamgnted and not r» concerned with curvature he tfclnki r ii the ra*ui of hn circle 
But of «ur« he findi the r.ircumierenc* Is not ?rr but wmethiKg leu. (Hi miujnjr exactly 
the defect pie from being 2 ff r.) He'll find the jam* thing on ■ iphere The 
circumference rf a circle » not Sjtf, but a little Jew (Look at a globe arid whit the turtle 
think* II r.) [n general positively curved things fk>0> have thJJ property of Clrcltt having 
J muff idem circumference. Of count that re-all^ Is why they are curved, there? 
inefficient circumference to a circle tg allow y D u to puih it flat without ripping the thing. 

How about negative curvature? It's like a cone with t m much rather than 
insufficient circumference." N«a pie *nh a ilke taten out bur a pie with in extra ilke 
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JVg. Si- Nsjalilffl CHrrlluH, 



You ant push such a thing flat. Not because you're- short of circumference and wilt rip 
the cone trying w flatten, but bEcauje you have too much circumference for a given ndlui 
and an't cram it all tnto i plane. Saddles hive negative curvature. 



X- PROBLEMS 

1 through n^Authof'i prerogative) Answer all the (interesting) queitioni in the text. 

n+l:(aact to biii«) Convince yourself that an equator must be a turtle line independent of 
the fact ChW T told you « *»■ I* the path of a boat with rudder iimed itraight a turtle 
linef Ho* about i jet plane flying iTfiigKt? 

n*2;(Cuttlng and pasting) It a circle around ^he apex of a cone a turtle line? Make yourself 
i cone and draw *orne turtle Una on it just to tee how they look, Draw in some untuming 
turtle direction flags. 
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Fi(, M. "Citd*" H-flunJ iimrl ipti. 



n*4^An ea*y one} Show that i football hat total curvature 4r without using the fact that It 
it a bent sphere. Hint- Find a mod lv Won of a football into nice polygons of which you 
know the Mceueir 

n**:(But t already knew that} Using the theorem that miking a bigger or smaller nwdd 

does not change total curvature, conclude that all the culture in a cone a in Its tip. Do 
this by observing that a smaller model of a cone has the same curvature but It exactly a 
smaller piece of the origin*! rane. 

m&CSome idiot poured paint in my garden hoi*} Sometime* it is not useful to descrlb* the 
location of paint by paint density (paint per unit area) After all when It's Mill in the can 
you juti ay, "there'* a gallon right there." The curvature In a ran* it like that. It's all in 
one place 1 , the tip. On the other hand tome craiy person might pour your paint into a 

garden ho**, and then the nw*t jeaj,onable measurt would be paint per unit length (of 



how). Can you find a surface where that ion of measure Ji appropriate for curvature. 
Hint; The edges of a cube are riot an example? Convince yourself that they contain no 
curvature, (By the way, where 11 thr curvature in a cube if it is not distributed alone thr 
edges?) * 

n*64Changtng scale) Convince yourself thai making a larger model of any surface changea 
the curvature density by a factor or I 1 (f is the factor of imcrea&e of all dimensions from 
ordinal surface to model), out thai the total curvature of modd and surface remains; the 
iamc. 

n+?tfTurtle line* revisited} Loci at the follawinf record of turtle tracks. 




Fifr IT, A turtle line? 



The left legs take the lame number Of Steps as The right legs. And all Steps are the same! 
length. So why isn't the tricl a turtle line? (It obviously isn't one.) Can you apply the 
principle nf "a line must be everywhere the same " Cin you answer the question without 
the principle? 

Another problem along the same lines is a foltowj If a line must be "everywhere 
the jane,' then what happens to a luitle line on a smashed sphere ai it goes from the 
round part to the flat pari? Can you reformulate the "a line is everywhere the same" 
principle so that it reallv applies, to turtle lines? Think of a turtle line as a procedure. 

n+frfbiore turtle lines revisited) Would ihe little turtle which we used for ping pong balls 
draw the same turtle lines on a big Sphere as i big turtle? What do you have to iay about 

turning a real (motor* and gears) turtle loose to draw trLingta in your back yard. Would 
his slie matter? Think nbou! a tiny, tiny turtle trawling over each pebble in your back yard. 
Does that make you nervouj abou: what a turtle line really Lt? I mun you know pretty 



much whit a triangle of tunic Hn« nv M feet on a iJdc should 1«* HXi on your back 
lawn but wouldn't a tLn)r turtle get all confused by the blades of gra.it? Who tells you whit 
lis* turtle to use? 

Ask i mathematician to answer Chi* question. Ask a physicist. 

n+9;(Relatively speaking) Suppose somebody told you that not only is the MTth not flat, Mir 
UNIVERSE is not flat either. Whit might he mean Of that? Answer in terms of angles, 
circumferences and radii of circles, and perhaps surface area and radii of spheres. Notice 
before starting that we never hid to go out of the surface of a sphere to discover it wis 
curved, is long 11 we hid turtk lines drawn. The same applies to the universe, ("Einstein 
decided chit the universe was not flat. He thought it was curved in a very special way to 
account for the existence of gravity. In fact he arranged things jo that the funny shaped 
paths objects travel under the influence of gravity are just "turtle piths" in our curved 
universe.) 

n*IO;(.Hol«) Cm yw find the total curvature of a surface with holes in It In turns of the 
;s cesses of the boundaries of the surface? Hint: Fill in the holes. Now how much 
curvature does the surface haver Cut them out. How much curvature did you remove? 



/*" WilhdW y I 





- bouriitW y ~X 



/ / / 



WumdrjTy ^ 



Figi 16, SurfiM with two haln. 



n+[l:(Hindlei) By doing some bending and surgery show that the addition of a handle to a 

surf ice always decrease the total curviture t>y It. 




--> 




Fv. 19. \tmninf ■ Tuftdl*." 



{Adding i hindfe Li tapologlally d Filling two holu ind vhiLrw in i bent cylinder Into*) to 
connect thwiO 

By doing iurjeiy, ih&w tful i knotted hind I* tin be untied without chinfflnr 
tin) curvature. 





n* 3d, Untpijif i knatttd "hwidk" 



You m*j wmt to u*e the fict :hic in unbent cylinder ha* uro curvature io you an uw 
out part or It without loung any curvature. Ak«mitLv*ly y W can prove andVcr uht the 
theorem that bending iny iUrface d«j no: change totil curvature u long- »> all edge) 



rwrwn unbent, 

Finally as an Interesting (Mint Far you, consider the cfcau of surface) wMch can M 
made from i limited amount of ajei (thus planej are excluded} and have no edges. A 
sphere and a torus ire examples. Now the remarkable fact n that, topotogictlly spelling, 
every such surfac* J* Just a sphere with handle* stuck Ln. (A torus n topological^ a iphere 
with one Handle) The preceedmg discussion of handles should convince you thit every 
inch suffice has total curvature belonging to the set 4# , D -4r -&r, ...ate. and that th* total 
curvature tells you «aet]y how many handles the surface has. (Note-. ThU little discussion 
refert only to the garden variety surfaces Pound In ordinary three dimensional space) 

n+lUPJato* A Platonic solid, is any object which n flat almost everywhere and otherwise it 
m "regular" as an be. That mean* its surface is nude up of i number of fieri which are 
all identical regular polygon s paited tog«h«. £A regular polygon hai all sides and angles 
identical) 1 Each vertes of the solid n also identical to any otherj.f . has the same number of 
faces adjoining. 

Show there can be no mare than five Platonic wild*- (There art in fact exactly 
f Lvr. the tetrahedron, octahrdjon, cafc-e, icosahedron and dodecahedron.) 




Pif. 31. P liiume Solids: TetraMnini OcuJifedrGn, Cub* 

[ewalltJ r<IH, T>od.ni;akeilron. 



Hint; The surface of a Platonic solid is topologically a ipbere $0 has total curvature 4*. 
This is, distributed among v votket (no curvature along any edgel) all containing the tame 
amount of curvature, c. 



Each vertex on ttie other hand is made up of a vertex from etch of the f faces coming 1 



together [here. The vertex of a regular polygon has Interior ingle I 




Fatte 



Hf. 51 A «ri«i of « i«l!d trfeart the virtieM «I the fi 



C • 2* - f| 

(If you don't underiond thi*. pi aver the Jettlori on curvature of cons.) There 1 ! one 
formula I cm write down. Each fiee hit i sid=s and w 



Left inrc with 3 tided facet |-r ft c-^ri-ft Now f an't be I or 2 beuuM it 
Tea« 3 fleet mutt meet at each vertex (that'i rtore or kit obvious), ^however can't be wro 
or negative (lira vz • *4t).£g that only In vet f-3.i, or S with v-1n/c-4/(2-f/J) - J2/<8-f> - 
4 h 64 of IS- These pasdbUUiei ire tetrahedron, octahedron and icasaheoren respectively 

Now how about i sided faces, squares, The wilj way to nuke i proper vertex out 
of squire* It with 3 of them. 




Fif-3A Ctfbi: *«» L«rft **rA i«l 



That's a cube 

Fivt tided fuft i*5l J-t-^t^ * 3t'5. The only way to nuke a proper vertex out 

□F such vertex angles is with 3 fatfl, C i-2f -"Sjr/5 -t/& v-2C. That's a dodecahedron. 

How about 6 or more sided figures? The biiic problem U chit 6 or more itded 
regular ppLyguni have 1%P tii ittcirt it rich Vert**. And since you must have at hist 9 of 
Eh cm it each vertex of the wild, you have at lea it 36fl B of "cone" at each of the solid t 
vertices. That Just won't wort., because it makes negative curvatu re (set CONES again}. 

If you Uke arithmetic, try It this Wit: Remember £ > 0. But c-2f - fl - 2f"-f(ir- 

2r/s). Thii meant 



and 



or 



0cir(2-r(t ^i)J 



o<:-f(]-2/i) 



2Hl-2/t) > f. 



But f mutt b* at lease 1 so 






And f mill/ we f Jnd that 



i<& 



There ire no Platonic *ohoi with >i^ or more tided f igutfl at ficej. 



n*l3;(A 'new' exceu) Suppose someone it unable to (run hit turtles to walk turtle hnei any 

way except with their noiei pointing; in the direction of wilt. He glvei the following 
definition of ihe exeett of a path, 

exteu - 2* - (the turtle turning needed for the turtle to walk around the path) 

He alsa says [he turtle n turning- positively when he's turning "toward the jnterior" 1 of the 
pith. 

Can you malte *enie of that? 

It it the tame excess aj used in, chli paper? 

Ii it more preelte or more useful or easier to underttand than our standard 
definition? 

To confute the Jttue notice that the Intrude 80* North path bound t two nlw 
region t so iti exceu ihould be the tout curvature of both- Vet [he region* obviously hive 
different total curVlturet. Can either or both definitions of exceii explain thli? 

n*Hr(Sewjn£) Dwi the dre« of a dancer which is meant to hive pkati even when the 11 
ipinninf (and the drew h pulled outward bf 'centrifugal force") hive poiltiv* or negative 
curvature? 

An umbrella U made by sewing together iix piece* sho*n roughly below. 




Fif . 34. A pi*tn at an umbrella. 



Where do« the umbrella have negative curvature? How can you tell? Hint: Think about 
the finished umb;«lla You an tell us tout curvature from an edge nbbo-n (turtle mad 
around the Outsidei. If you start cutting away ribbon after ribbon from the -edge, does the 
total curvature ever increase, indicating you cut away a Strip of negative curvature? New 
go back and relate this to things you could measure on the piece in Figure Si. 

When you. get done- with this problem you should be able tu look at Figure 34 
and iay, "Well, looks H* e the total curvature is almost exactly ?», but there h some negative 
curvature from here to here," 

n+JS.{ Broken turtle) A turtle is a bit out of adjustment and takes slightly longer (by %t) 
strides with hJi left legs ihan with his right. (The distance between turtle'! right and &eft 
legs is the same as his right side Stride) 

What is the rjdiut of th« Circle Such a turtle would walk on 1 plane if he does 
not "turtle turn?" (Use turtle stride as- your unit of distance) 

Suppose this turtle walks 2$ steps and finds he has returned to hit beginning 
position and heading. What is the total curvature Interior to this path H presuming the 
interior is (opologicilty nice? 

How about a 100 step t:ip ai above? 
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